In recent papers the concept of Hartman (measurable) sets was investigated. A subset H of the integers, or more generally, of a topological group G is called Hartman measurable (or simply a Hartman set), if H = ι −1 (M ) for some continuous homomorphism ι : G → C, C = ι(G) a compact group, and M ⊆ C a set whose topological boundary ∂M is a null set w.r.t. the Haar measure on C. This concept turned out to be useful in the context of coding nα-sequences and, more generally, grouprotations. We investigate the natural generalization from sets to functions via a process similar to the passage from measurable sets to measurable functions. The relation between this class of Hartman (measurable) functions and the class of almost periodic functions is comparable to the relation between Riemann integrable functions and continuous functions. In particular we study the connection of Hartman measurability to (weak) almost periodicity.
Introduction
Framework and motivation: Let G be a topological group (all topological spaces are assumed to be Hausdorff), C a compact group and ι : G → C a continuous homomorphism with image ι(G) dense in C. Then (ι, C) is called a (group) compactification of G. Note that ι is not required to be one-one. If ι is one-one we call the group compactification (ι, C) injective. On the class of all group compactifications we can impose a quasiorder by definining (ι 1 , C 1 ) ≤ (ι 2 , C 2 ) iff there is a continuous group homomorphism π : C 2 → C 1 such that π • ι 2 = ι 1 , i.e. iff the diagram
commutes. In this situation we also say that (ι 2 , C 2 ) covers (ι 1 , C 1 ).
Using compactness of C 1 and C 2 one obtains that if (ι 1 , C 1 ) ≤ (ι 2 , C 2 ) via π : C 2 → C 1 and (ι 1 , C 1 ) ≥ (ι 2 , C 2 ) via ψ : C 1 → C 2 then π and ψ are continuous topological group isomorphisms and π = ψ −1 . We call two group compactifications (ι 1 , C 1 ) and (ι 2 , C 2 ) equivalent iff there exists a topological group isomorphism π : C 2 → C 1 such that π • ι 2 = ι 1 . Thus ≤ is a partial order on group compactifications modulo equivalence.
For each given topological group G there exists a maximal group compactification w.r.t. the order ≤, the Bohr compactification (ι b , bG). Each group compactification (ι, C) satisfies (ι, C) ≤ (ι b , bG) (cf. [11] ). If we restrict ourselves to compactifications (ι, C) with C contained in some fixed set of sufficiently large cardinality (|bG| suffices) then we have a set containing representatives of each equivalence class. Thus we obtain a complete lattice by considering the factor set modulo equivalence. In this lattice the join i∈I (ι i , C i ) is equivalent to the compactification (ι, C) given by ι(g) := (ι i (g)) i∈I ∈ i∈I C i and C := ι(G) ⊆ i∈I C i .
For a group compactification (ι, C) let µ C denote the unique normalized Haar measure µ C on C (in this paper the Haar measure is always assumed to be complete). µ C can be used to define a finitely additive probability measure m on a nontrivial Boolean set algebra on G: for sets H = ι −1 (M ) define m(H) := µ C (M ). Investigations in [8] have shown that this approach works if one requires that M ⊆ C is a continuity set (also called Jordan measurable), i.e. a set the topological boundary ∂M of which satisfies µ C (∂M ) = 0. In honour of Hartman's work (cf. [10] ) such sets H ⊆ G have been called Hartman measurable sets or briefly Hartman sets. Hartman used the Bohr compactification to introduce a natural notion of uniform distribution of sequences on topological groups which are not compact. This notion is closely related to our objects. As an interesting paper in this context we mention [17] . For the case G = Z (additive group of integers) Hartmans sets H, after identification with their characteristic functions 1I H , have also been called Hartman (bi)sequences and their number theoretic aspects have been studied in [21] , while in [25] the dynamical point of view has been stressed. This connection gets clear by the observation that ι : Z → C can be interpreted as a Z-action on C, generated by the ergodic group rotation T : c → c + ι (1) . In particular the information about (ι, C) contained in H or, equivalently, in the binary coding sequence 1I H of this dynamical system has been investigated. For standard references on this type of connection between number theory and measure theory we refer to [15, 16] .
For a deeper understanding of our situation it is desirable to clarify connections to functional analysis and, particularly, to harmonic analysis. Therefore it is a very natural step to consider, more generally than subsets and their characteristic functions, larger classes of real or complex valued functions on G. In classical analysis continuity sets correspond to functions which are integrable in the Riemann sense (cf. [22] ).
Definition 1. Let X be a compact space and µ a positive regular Borel measure. A bounded function F : X → C is called µ-Riemann integrable iff the set disc(F ) of points of discontinuity of F is a µ-null set. Let us denote the set of µ-Riemann integrable functions by R µ (X) or, simply, by R(X).
The concept of a Hartman (measurable) function (in different terminology already mentioned in [10] ) is the analogue in our context. First recall that A(G), the Banach algebra of almost periodic functions on G, is isometrically isomorphic to C(bG), the Banach algebra of continuous functions on the Bohr compactifiction of G. The mapping ι * b : C(bG) → A(G) defined via F → F • ι b constitutes such an isometry. Note that this is just a different way to characterize those continuous functions on G which can be extended to continuous functions on a group compactification (ι, C) of G. This definition (which is best suited for our purposes) is equivalent to the notion of almost periodicity established by Bohr resp. Bochner. In many cases we assume that G is maximal almost periodic (MAP), i.e. a group where the almost periodic functions separate points. Of special interest among the MAP groups are the locally compact abelian (LCA) groups.
So Hartman measurability of a function f is a generalization of almost periodicity by allowing the extension F to be µ b -Riemann integrable instead of requiring continuity.
Definition 2. Let G be a topological group and f : G → C a bounded function. Then f is called Hartman (measurable) iff there exists a group compactification (ι, C) of G and an F ∈ R(C) = R µC (C) such that f = F • ι. F is called a realization of f . We say that f can be realized in the compactification (ι, C) and that F induces f . The set of all Hartman functions on G is denoted by H(G).
We will see (cf. Proposition 14) that every f ∈ H(G) can be realized in the Bohr compactification (ι b , bG).
The investigation of H(G), mainly by comparison with other spaces of functions on G, is the main objective of this paper. Of particular interest are spaces of functions which are characterized by similar extension properties and where a unique invariant mean is defined. Thus we particularly focus on almost periodic and weakly almost periodic functions. Further results on Hartman functions are contained in [14] .
Content of the paper: The paper is organized as follows. After some preliminaries and further notation presented in the introduction, Section 2 is devoted to Riemann integrable functions. We make observations about the approximation by continuous functions and simple functions, introduce the concept of a generalized jump discontinuity (g.j.d.) and provide tools which will be crucial in some of our main results. Section 3 collects fundamental facts concerning Hartman functions. Many of them are analogues to results of Riemann integrable functions from Section 2. Our first main result (Theorem 1) states that, on an LCA group with separable dual, every Hartman function can be realized in a metrizable compactification.
In Section 4 we compare Hartman measurability with weak almost periodicity. Recall that weakly almost periodic functions on G can be characterized by the property that the set of all translates is weakly relatively compact or, equivalently, that there is a continuous extension on the weak almost periodic semitopological semigroup compactification wG of G ( [24] contains information on several kinds of compactifications). Here the notion of a g.j.d. is useful. First we show that if a Hartman function has one realization with a g.j.d. then all realizations have a g.j.d. The main result of the section (Theorem 2) states that a Hartman function which is weakly almost periodic has no realization with a g.j.d. A corollary is that there are Hartman functions on G which are not weakly almost periodic whenever G is an infinite LCA group.
Motivated by these results, Section 5 considers the subsets H c and H 0 of H. H c ⊆ H consists of those Hartman functions the realizations of which do not have any g.j.d. while H 0 ⊆ H c contains those Hartman functions the realizations of which differ from 0 only on a meager null set. Theorem 3 shows H c = H 0 ⊕ A where A denotes the set of almost periodic functions. For the case that G is MAP Theorem 4 shows that H 0 contains all continuous functions vanishing at infinity (C 0 -functions), i.e. those continuous functions f on G which, for any given ε > 0, satisfy |f | < ε outside a compact set. If G is not compact then one can even remove the continuity condition on f . This immediately yields examples of Hartman functions on G = R which are not Lebesgue measurable.
The main purpose of Section 6 is to provide an example of a weakly almost periodic Hartman function on Z which is not in the span of A and C 0 (Theorem 5). The methods include Fourier-Stieltjes transformation of measures.
The concluding Section 7 summarizes the relations of the involved spaces of functions in a diagram.
Preliminaries and further notation: As usual we write A for the topological boundary of a set A, A
• for the open set of inner points of A, ∂A for the topological boundary of A. The filter of all neighborhoods of a point x in the topological space X will be denoted by U(x). For a function f : X → Y and A ⊆ Y we will occasionally use the notation [f ∈ A] := {x ∈ X : f (x) ∈ A} = f −1 (A). The characteristic function 1I A of a set A is defined by the requirement 1I A (x) = 1 for x ∈ A and 1I A (x) = 0 otherwise.
With dist(A, B) := inf x∈A,y∈B d(x, y), A, B ⊆ X subsets of a metric space X, we denote the distance between A and B. In the case B = {x} we also write dist(A, x). We will say that A and B are separated if dist(A, B) > 0. The diameter of a set A ⊆ X is defined by diam(A) := sup x,y∈A d(x, y). K d (x, ε) = {y : d(x, y) < ε} denotes the open ball with center x and radius ε with respect to the metric d. When it causes no confusion the subscript d will be omitted.
The greek letter µ will denote an arbitrary Borel measure, the latin letter m a mean resp. a finitely additive measure. The measure theoretic completion of µ is denoted byμ. The support supp(µ) of the Borel measure µ on the topological space X is defined by the requirement that X \ supp(µ) is the union of all open µ-null sets. As usual we denote the set of all continuous (complex-valued) functions defined on the topological space X by C(X) and the set of all bounded functions defined on X by B(X).
We write T = R/Z for the one dimensional torus group. T can be identified with the complex unit circle and thus characters of a group G can be considered as χ : G → T whenever convenient. We write G 1 ≤ G 2 if G 1 is a subgroup of G 2 . The dual of a locally compact abelian group G will be denoted byĜ.
A left invariant mean (L.I.M.) is a functional m assigning to each function (from a certain space of bounded complex valued functions) a complex number in a linear way, such that for real-valued functions inf |f | ≤ m(|f |) ≤ sup |f | (hence "mean") and m(f x ) = m(f ) for all left translations f x : a → f (ax) of f (hence "invariant").
On a compact group G existence and uniqueness of the normalized Haar measure µ G implies that m : f → f dµ G is the unique L.I.M. on the space C(G) of continuous functions on G. On noncompact locally compact groups this direct approach is no longer possible because µ G (G) = ∞ and there is no way to normalize the Haar measure. Nevertheless, if the group G is amenable (e.g. every abelian group is) there are plenty of invariant means defined on the algebra B(G) of bounded functions. Of particular interest are those bounded functions on which all L.I.M.s defined on B(G) take the same value. The set of all such functions is a linear space (but in general no algebra) denoted by AC(G) (short for almost convergent). Well known subspaces of AC(G) are A(G) (con-sisting of the almost periodic functions) and W(G) (consisting of the weakly almost periodic functions). From the viewpoint of universal objects, (ι b , bG) is the maximal topological group compactification, while (ι w , wG) is the maximal semitopological semigroup compactification of G. (For a semitopological semigroup compactification (ι, S), S is allowed to be any compact space with a semigroup operation which is continuous in each component but not necessarily simultanously.) Related ideas involving the StoneČech compactification (which is maximal among all compactifications without any algebraic restrictions) are treated in [12] .
There are nonzero weakly almost periodic functions which belong to the space W(G) 0 = {f ∈ W(G) : m(|f |) = 0}, while every strictly positive almost periodic function has a strictly positive mean value. The algebra of weakly almost periodic functions can be decomposed into W(G) = W(G) 0 ⊕ A(G). Note that C 0 (G), the set of continuous functions vanishing at infinity, is a subspace of W(G) 0 . For a modern and extensive treatment of (weak) almost periodicity we refer to the monograph [2] . Regarding compactifications we will stick to notation from [2] and the series of papers [8, 21, 25] .
Auxiliary Facts on Riemann integrable functions
Parts of the material in this section are well known. We have included them in order to give a rather self contained presentation of the main results of this paper. In the following let X be a compact topological space and µ a positive regular Borel measure with full support supp(µ) = X. According to Definition 1, a bounded function f : X → C is called µ-Riemann integrable iff the set disc(f ) of points of discontinuity is a µ-null set, and the set of all these functions is denoted by R µ (X).
Note that for a continuous (complex-valued) function g :
. Thus every such g is a left multiplier for R µ (X) in the sense that g : C → C continuous and
The following characterization of Riemann integrability, a proof of which can be found in [22] , is important for us:
Proposition 3. For a real-valued µ-measurable function f : X → R, X compact, the following assertions are equivalent:
2. For every ε > 0 there exist g ε , h ε ∈ C(X) such that g ε ≤ f ≤ h ε and
Using the notation from Proposition 3 we collect some easy but important implications:
1. For real-valued f ∈ R µ (X) let g := sup n∈N g 1 n and h := inf n∈N h 1 n . Then g = h µ-a.e., so f coincides µ-a.e. with a µ-measurable function and is itselfμ-measurable (recall thatμ denotes the completion of the measure µ).
2. R µ (X) is a uniformly closed subalgebra of B(X).
3. If X is a compact group and µ the normalized Haar measure on X, then R µ (X) is translation invariant and the invariant mean m : f → X f dµ defined on C(X) can be extended to an invariant meanm defined on
for real-valued Riemann integrable functions f . This extension is unique.
The complex case reduces to the real case in an obvious way:
Proposition 4. For a µ-measurable complex-valued function f with decomposition f = ℜf +iℑf into real part ℜf and imaginary part ℑf we have:
Proof. Since disc(f ) ⊆ disc(ℜf ) ∪ disc(ℑf ) Riemann integrability of the realvalued functions ℜf and ℑf implies Riemann integrability of f . On the other hand the mappings ℜ : C → R and ℑ : C → R are left multipliers for R µ (X), so Riemann integrability of f implies Riemann integrability of ℜf and ℑf .
Proposition 5. Let X be compact and µ a finite regular Borel measure with supp(µ) = X. Then disc(f ) is a meager µ-null set for every f ∈ R µ (X).
Proof. By Proposition 4 we may assume that f is real-valued. Since f is µ-Riemann integrable, disc(f ) is by definition a µ-null set. We show that disc(f ) is also meager.
Let us denote the oscillation of f at x by
Since Os f is upper semicontinuous (cf. Exercise IV.6.6 in [3] ) the sets A n := [Os f ≥ 1 n ] are closed. Using monoticity of µ we conclude that each A n is a closed µ-null set and hence nowhere dense. This implies that disc(f ) = n≥0 A n is a meager F σ -set of zero µ−measure. 
Let C µ (X) denote the linear space generated by characteristic functions of µ-continuity sets on the compact space X. Let us call these functions simple (µ-)continuity functions. Clearly C µ (X) ⊆ R µ (X).
Proof. Let f be Riemann integrable and w.l.o.g. assume that f takes values in [0, 1). We introduce the level-sets M t := [0 ≤ f < t] and the function
Since ϕ f is increasing, it has at most countably many points of discontinuity.
and so {x :
The first set on the right-hand side is a µ−null set since f is Riemann integrable and the second one is a µ-null set at least for each continuity point t of ϕ f . So for all but at most countably many t the set M t is aμ-continuity set. In particular the set
Now we approximate f uniformly by members of
Thus f is in the uniform closure of C µ (X).
Just a few examples concerning generalized jump discontinuities: 
4. If f is constant µ-a.e. on X and supp(µ) = X, then f has no g.j.d. 
Lemma 10. Let f, g ∈ R µ (X) on the compact space X and µ a finite regular Borel measure with supp(µ) = X.
1. If f and g coincide on a dense set, then they coincide on a co-meager set of full µ-measure.
Proof.
Proposition 5 shows that it suffices to prove that
Let therefore x be a point of continuity both for f and g, U a neighborhood of x such that y ∈ U implies |f (y) − f (x)| < ε/2 and |g(y) − g(x)| < ε/2. Since there exists y ε ∈ U ∩ [f = g], we conclude
Since ε was arbitrary this implies f (x) = g(x). 
, which is both a point of continuity for f and g and such that f (x
Consider 
Proposition 12. Let f ∈ R µ (X), X a compact space X and µ a finite regular Borel measure with supp(µ) = X. If f has no g.j.d., then there is a unique continuous function f r , the regularization of f , such that f and f r coincide on
Proof. Note that X \ disc(f ) is dense and hence the regularization f r is uniquely determined by the requirements f r (x) = f (x) for x / ∈ disc(f ) and f r ∈ C(X).
We are going to show that
consists of exactly one point.
This intersection is not empty thanks to the finite intersection property of the compact sets f (O(U, ε)), U ∈ U(x), ε > 0. Suppose this intersection contains two points λ 1 = λ 2 . Then we consider the open sets O i := O(U, ε, y), i = 1, 2, where the union is taken over all triples (U, ε, y) with
. By construction we have
Define f r (x) to be the unique point in the above intersection. We claim that f r is continuous. It is immediate to check that disc(f r ) ⊆ disc(f ). But for x ∈ disc(f ) a similar argument as in the uniqueness part shows that x ∈ disc(f r ) implies that x is a g.j.d. for f , which clearly leads to a contradiction.
Remark: Note that for f having no g.j.d. we have
Thus the linear mapping f → f r is continuous on R µ (X) \ J(X).
Corollary 13. Let f be a µ-Riemann integrable function on the compact space X and µ a finite regular Borel measure with supp(µ) = X. The following assertions are equivalent: 
(2) ⇒ (1): cf. Proposition 12 and Lemma 10.
Hartman functions
Recall from Definition 2 that a bounded function f : G → C on a topological group G is called Hartman, i.e. f ∈ H(G), iff f can be extended to a Riemann integrable function on some group compactification. This compactification can always be taken to be the Bohr compactification.
Proof. Everything follows from Corollary 6 since a realization in (ι 1 , C 1 ) lifts to a realization in (ι 2 , C 2 ).
Since ι * b : F → F • ι b is a linear and multiplicative mapping from the algebra R µ b (bG) onto H(G), the set of Hartman functions on G is also an algebra. Having the implications of Proposition 3 in mind, we conclude that H(G) is also translation invariant and consists of functions with unique mean-value.
For any Boolean set algebra Ξ ⊆ P(X) on X we define
where the closure is taken with respect to the topology of uniform convergence.
Let us denote the Boolean set algebra of µ b -continuity sets in bG by bΣ. Thus the algebra of Hartman (measurable) sets on G is ι −1 b (bΣ). With this notation (cf. [7] ) B(bG, bΣ) is the space of Riemann integrable functions on bG and the space H(G) of Hartman functions is ι * b B(bG, bΣ).
. By basic C * -algebra theory its image is closed (Theorem I.5.5 in [6] ).
Remark: Application of Proposition 3 yields that if a real-valued function f is Hartman, then for every ε > 0 there are almost periodic functions g ε and h ε with g ε ≤ f ≤ h ε such that m(h ε − g ε ) < ε for the unique invariant mean m on A(G).
At least for so called maximally almost periodic (MAP) groups we can reverse this assertion. Recall that a topological group G is MAP iff for the Bohr compactification (ι b , bG) the morphism ι b : G → bG is injective or, equivalentely, iff the almost periodic functions A(G) separate the points of G. Since continuous characters of LCA groups separate points and are almost periodic, every LCA group is MAP.
The following fact has independently been obtained by J.-L.Mauclaire.
Proposition 16. Let G be a MAP group. For a real-valued function f on G the following assertions are equivalent:
2. For every ε > 0 there are almost periodic functions g ε and h ε with
Proof. The implication (1) ⇒ (2) follows immediately from the definition of Hartman measurability and Propostion 3. Thus we will only prove (2) ⇒ (1).
Suppose for every n ∈ N there exist g n , h n ∈ A(G) with g n ≤ f ≤ h n and m(h n − g n ) < 1 n . Denote the unique continuous extensions of g n , h n to bG byg n resp.h n . According to Proposition 3 every function F on bG satisfying sup ngn ≤ F ≤ inf nhn is Riemann integrable with respect to the Haar measure on bG and any two such functions differ only on a µ b -null set. Now pick F subject to the conditions
Note that g n =g n • ι b ≤ f ≤h n • ι b = h n ensures that conditions (1) and (2) are compatible. Since ι b is one-one such a function F exists.
Let us turn now towards the realizability of Hartman functions, cf. Definition 2. It follows from Theorem 4 in [25] , that every f ∈ H(Z) which is a characteristic function can be realized in a metrizable compactification. We are going to generalize this result to arbitrary f ∈ H(G) provided G is LCA with separable dual. First we have to establish some auxiliary results. Proof. Let A be a countable dense subset ofĜ, ι m : g → (χ(g)) χ∈A and
Since the continuous characters separate points on G, there exists χ 0 ∈ G such that |χ 0 (g) − 1| = ε > 0. Pick χ ∈ A such that |χ(g) −χ 0 (g)| < ε/2. Thus |χ(g) − 1| ≥ ε/2 > 0, contradiction. Thus ι m is injective.
For an arbitrary metrizable group compactification (ι, C) we can take the supremum of (ι, C) and (ι m , C m ), i.e.
Lemma 18. Let G be an LCA group and T ⊆ G a Hartman set. For every ε > 0 there are Hartman sets T ε and T ε , realized on a compactification (ι, C) such that T ε ⊆ T ⊆ T ε , m(T ε \ T ε ) < ε, and C ≤ T s for some s ∈ N.
Proof. We procede similar to Theorem 2 in [25] . Let M ⊆ bG be a µ b -continuityset realizing T , i.e. T = ι 
Since the Bohr compactification bG can be regarded as subspace of χ∈Ĝ χ(G), a topological base (B i ) i∈I of bG is obtained by restricting the standard topological base (B i ) i∈I of the product space χ∈Ĝ χ(G) to bG. The sets B i can be chosen to be finite intersections of sets of the form Proof. We follow the lines of Theorem 4 in [25] . So let T be a Hartman set and
sequences of Hartman sets as in Lemma 18, approximating T from inside resp. outside. Let (ι, C) be the supremum of all involved at most countably many compactifications. This implies that C is metrizable, and by Lemma 17 we can assume w.l.o.g. that (ι, C) is injective as well.
Denote by M n resp. M n the µ C continuity-sets in C that realize the Hartman sets T 1/n resp. T 1/n . Thus
Since ι is one-one the preimage of M under ι coincides with the given Hartman set T . Furthermore
shows that M is a µ C -continuity set.
Corollary 20. Let G be an LCA group with separable dual and f ∈ H(G) such that f (G) is finite. Then f can be realized in a metrizable group compactification (ι, C) by a simple µ-continuity function.
Proof. By assumption f = n i=1 α i 1I Ti . It is clear that the T i can be taken to be Hartman sets. Bei Lemma 19 each T i , i = 1, . . . , n can be realized on a metrizable compactification (ι i , C i ). The supremum (ι, C) of the (ι i
takes only finitely many values. Corollary 20 guarantees that each f n can be realized on a metrizable group compactification (ι n , C n ) by simple µ Cn -continuity functions F 0 n , i.e. f n = F 0 n •ι n . The supremum of countably many metrizable group compactifications is metrizable. By technical convenience we use Lemma 17 to get even an injective metrizable group compactification (ι, C) covering all (ι n , C n ). For each n let π n : C → C n denote the canonical projection, i.e. ι n = π n • ι. Consider the functions F n = F 0 n • π n which are in R(C) by Corollary 6 and in fact simple µ C -continuity functions. In order to realize f in (ι, C) by F ∈ R(C) we have to define F (x) = f (g) whenever x = ι(g) for some g ∈ G. Since ι is one-one F is well-defined on ι(G). For x ∈ C \ ι(G) we define
It remains to show that F is µ C -Riemann integrable. For each n ∈ N let F n = kn i=1 α i 1I An,i be a representation of F n with pairwise disjoint continuity sets A n,i , i = 1, . . . , k n . The open sets U n = kn i=1 A o n,i have full µ C -measure. Thus the dense G δ -set U = n∈N U n has full µ C -measure as well. If we can prove the following claim, we are done.
Claim: Each x ∈ U is a point of continuity for F . Fix x ∈ U and ε > 0. We are looking for an open neighbourhood V ∈ U(x) such that ι(g 1 ), ι(g 2 ) ∈ V implies |f (g 1 ) − f (g 2 )| < ε. This suffices to guarantee
To find such a V note that, by construction, the F n converge uniformly to F on the dense set ι(G). Choose n ∈ N in such a way that |F n (ι(g)) − F (ι(g))| < ε 2 for all g ∈ G. There is a unique i ∈ {1, . . . , k n } such that x ∈ A o n,i . The set V := A o n,i has the desired property: For ι(g 1 ), ι(g 2 ) ∈ V we have F n (ι(g 1 )) = F n (ι(g 2 )) and thus |f (
Theorem 1 fails to be true for arbitrary LCA groups:
Example 21. We consider the LCA group G = 2 c (c = |R| denoting the cardinality of the continuum) which in fact is compact. Thus G (together with the identity as embedding) is its own Bohr compactification and every compactification (ι, C) is a factor of G. G consists of all f : R → {0, 1}. For f ∈ G define its support supp(f ) = {r ∈ R : f (r) = 1}. The dualĜ of G is isomorphic to the subgroup of all f ∈ G with finite supp(f ) equipped with the discrete topology. Since |Ĝ| = |R| > |N| the dual is not separable and we cannot apply Theorem 1. Indeed we are now going to construct a continuity set A in G such that the Hartman function 1I A cannot be realized in any metrizable (ι, C).
Let G N and G R\N denote the subgroups of G containing those f with support contained in N resp. in R \ N. Note that G N and G R\N are both closed µ G -null sets, G = G N ⊕ G R\N , G N is metrizable and G R\N is not. The set A to be constructed will be a subset of G R\N with the property that every g ∈ G R\N , g = 0, can be represented as a sum g = a+b with a ∈ A ⊂ G R\N and b ∈ G R\N \A, a, b = 0.
Construction of A: Let α → x α be a bijection between the set of all ordinals α < |2 c | and G R\N \ {0}. It suffices to find representations x α = a α + b α with all a α , b α ∈ G R\N \ {0} pairwise distinct. Then the set A of all a α has the required property. Note that every such A is a continuity set since it is contained in the closed null set G R\N .) Assume, by transfinite induction, that a α and b α have already been chosen in an appropriate way for all α < α 0 where α 0 < 2 c is given. Since each a determines a unique b with x α0 = a + b there are |2 c | different representations of x α0 as a sum, only 2|α 0 | < |2 c | of them involving some a α or b α with α < α 0 . Therefore, by cardinality, there is a representation x α0 = a α0 +b α0 with a α0 and b α0 not used before. Since x α0 = 0 we furthermore have a α0 = b α0 .
There is no metrizable realization: Assume by contradiction that there is a metrizable compactification (ι, C) of G where f = 1I A can be realized. It follows f = 1I A =f • ι withf = 1I ι(A) . If ker ι were contained in G N then G R\N would be a factor of (ι, C) and hence metrizable, contradiction. Thus there is some g ∈ ker ι with g = g 1 + g 2 ∈ G, g 1 ∈ G N , g 2 ∈ G R\N , g 2 = 0. The special property of A guarantees that g 2 = a + b with a ∈ A and b ∈ G R\N \ A, a, b = 0. If g 1 = 0 we get the contradiction
If g 1 = 0 then the support of g 1 + b is not contained in R \ N and hence not in A. Therefore we have the contradiction 0 = 1I A (g 1 +b) = 1I ι(A) (ι(g 1 +b)) = 1I ι(A) (ι(b+g+g 1 )) = 1I ι(A) (ι(a)) = 1I A (a) = 1.
Hartman functions versus weakly almost periodicity
The concept of generalized jump discontinuities is useful for comparing Hartman functions and weakly almost periodic functions.
Let (ι w , wG) denote the w.a.p. compactification of G. Then the mapping ι * w : C(wG) → C(G) defined via ι * w : f → f • ι w is an isometry onto W(G), the space of weakly almost periodic (w.a.p.) functions on G. This approach to weak almost periodicity is equivalent to the classical notion of Eberlein.
Theorem 2. Let G be a topological group and let f ∈ H(G) ∩ W(G) be a weakly almost periodic Hartman function on
Pick a (w.l.o.g. universal) net {g ν } ν∈N in G with the directed set (N , ≤) in such a way that ι(g ν ) ∈ O 1 and lim ν∈N ι(g ν ) = x 0 . Furthermore we define
which is a bounded linear functional on B(G). It follows from x 0 ∈ O 2 that for each V ∈ U(0) there are U ∈ U(x 0 ) and g µ = g U,V ∈ G such that ι(g µ ) ∈ V and U ι(g µ ) ⊆ O 2 . All such pairs (U, V ) form a directed set M 0 equipped with the order (U 1 , V 1 ) ≤ (U 2 , V 2 ) :⇐⇒ U 1 ⊇ U 2 and V 1 ⊇ V 2 . Thus the g µ , µ ∈ M 0 , form a net with ι(g ν g (U,V ) ) ∈ O 2 whenever g ν ∈ U . There exists a directed set (M, ) such that {g µ } µ∈M is a universal refinement of the net {g µ } µ∈M0 . Clearly lim µ∈M ι(g µ ) = 0 ∈ C.
Since f is w.a.p. the closure of the translation orbit O(f ) = {f g : g ∈ G} is weakly compact (recall that f g (h) := f (hg)). This implies that there exists a function f 0 ∈ B(G) in the weak closure of O(f ) such that
t. the weak topology on B(G).
Considering the evaluation functionals δ gν at g ν we compute
Since lim µ∈M ι(g µ ) = 0 ∈ C we conclude that for each ν ∈ N the elements ι(g ν g µ ) stay in O 1 for large enough µ ∈ M. Hence δ gν (f 0 ) ∈ F (O 1 ) and
. On the other hand consider the functional ϕ N and obtain
.
By construction we have ι(g ν g µ ) ∈ O 2 for fixed µ ∈ M and large enough ν ∈ N , hence lim ν∈N
Proof. Let (ι, C) be any infinite metrizable compactification of G. (This can be obtained for instance by taking pairwise distinct characters χ n , n ∈ N, and ι : g → (χ n (g)) n∈N , C := ι(G) ≤ T N .) By Theorem 2 it suffices to find two disjoint open µ C -continuity sets O 1 and O 2 in C with a common boundary point x and to consider the function F = 1I O1 . Then x is a g.j.d. for F and thus, by
Let d(., .) be a compatible metric on C. In the following we use the fact that for every x ∈ C there are open balls K(r, x) with center x and arbitrarily small radius r > 0 that are µ C -continuity sets (cf. Example 1.3, 175 p. in [13] , or an argument similar to the proof of our Proposition 7).
Let x ∈ C be arbitrary. We define two sequences of disjoint open µ C -continuity sets {O 
j , x) and take x 1 , x 2 ∈ K(r, x). Pick ρ < min{ The converse problem, namely to find weakly almost periodic functions that are not Hartman seems to be harder. So we content ourselves with the special case G = Z. The key ingredient for our example are ergodic sequences. These sequences were extensively studied by Rosenblatt and Wierdl in their paper [18] .
Example 23. Ergodic sequences: It is known (cf. Theorem 11 plus Examples in [21] ) that ergodic sequences such as (k log k) k∈N cannot be Hartman. On the other hand 0-1 sequences with the property that the length between consecutive 1s tends to infinity while the lenght of consecutive 0s stays bounded are weakly almost periodic (Theorem 4.2 in [2] ). Thus E ⊆ W(Z) \ H(Z) for the class E of all ergodic sequences on Z. 
Proposition 24. Let f be a Hartman function on G, realized both by F 1 and
In the general case let π be the canonical epimorphism bG → C 1 and define
It is easy to check that if F 1 has a g.j.d. at x, F b has a g.j.d. at every point of π −1 ({x}). It is also clear that F b , F 1 and F 2 induce the same Hartman function f on G. Now apply the first part of this proof to the two functions F b and F 2 .
This result shows that "being realized by a function with a g.j.d." is an inert property of the Hartman function and does not depend on the particular realization. In virtue of this proposition we can consider the set of all Hartman functions such that one (and hence all) realizations lack a g.j.d.
Definition 25. Let G be a topological group. Let
Proposition 26. Let f be a Hartman function on G, realized both by
[F 2 = 0]) is meager: Since π is an open continuous surjection of compact spaces it is easy to verify that π preserves Baire-categorical properties, i.e. preimages of 1 st -category sets are 1 st -category sets and preimages of 2 nd -category sets are 2 nd -category sets. Thus if [ C 2 ) is similar and we leave its proof to the reader.
In the general case the property transfers from (ι 1 , C 1 ) to (ι b , bC) by the first case and from (ι b , bC) to (ι 2 , C 2 ) by the second case.
Similar to the situation of g.j.d.s for different realizations of a fixed Hartman function Proposition 24 shows that also the property of vanishing outside a meager null set does not depend on the special choice of the realization. Thus we define the set of those Hartman functions all realizations of which vanish outside a meager null set.
Definition 27. Let G be a topological group. Let
Proposition 28. H 0 (G) and H c (G) are translation invariant and uniformly closed algebras.
Proof. By the very definition it is clear that both H 0 (G) and H c (G) are algebras and invariant under translations.
1. Let R 0 (G) := {f ∈ R µ (bG) : [f = 0] is a meager null set}. Note that R 0 (G) is a closed subalgebra of R µ (bG) (due to the fact that a countable union of meager null sets is again a meager null set). Since ι * b is a continuous homomorphism of C * -algebras and ι *
2. J(bG), the set of all bounded functions on bG having a g.j.d., is open w.r.t.
the topology of uniform convergence (Proposition 9). Thus C(bG)⊕R 0 (G), the set of all bounded functions on bG without a g.j.d. (Corollary 13), is closed (cf. Proposition 9). Since C(bG) ⊕ R 0 (G) is a closed algebra and
The last part of this section is devoted to the relations of the classes H 0 , H c and A.
First note that A(G) ∩ H 0 (G) = {0}. This is due to the fact that f ∈ H 0 (G) implies m(|f |) = 0, which is impossible for a non zero almost periodic function. 
Proof. Existence: Let F 1 be a realization of f on a group compactification (ι, C). Using Proposition 12 we can decompose F = F r + (F − F r ), the first summand being continuous and the second one having support on a meager µ C -null set (Proposition 5). Thus
0 . Positivity: Let f ≥ 0. We claim that F ≥ 0 outside disc(F ): Let x ∈ C be a point of continuity for F and suppose by contradiction α := F (x) < 0. Pick an open neighourhood V of x such that F (y) < 0 for any y ∈ V . But since ι(G) is dense in C there exists some point ι(g) ∈ V with F (ι(g)) = f (g) ≥ 0, contradiction. Since F and F r coincide on the dense set C \ disc(F ) and F r is continuous we have F r ≥ 0. This clearly implies f a ≥ 0.
An immediate consequence is: Recall that a topological group G is minimally almost periodic (map) iff A(G) consists only of the constant functions; G is maximally almost periodic (MAP) iff A(G) separates the points of G. Lemma 32. Let G be a noncompact topological group and let (ι b , bG) be the Bohr compactification of G.
If G is a MAP group (for instance LCA) then
µ b (ι b (K)) = 0 for every σ-compact K ⊆ G.
If G is an LCA group and ι
Proof. To prove (1) first suppose that K is compact. We inductively construct a sequence
is a family of pairwise disjoint sets; we prove that there exists g n+1 ∈ G such that
is also a family of pairwise disjoint sets. Suppose by contradiction that for every g ∈ G there is a j such that
form an infinite collection of pairwise disjoint translates of the compact (and hence measurable) set
If K is not compact but σ-compact the assertion follows from the fact that µ b is σ-additive.
Assertion (2) follows from the fact that, for any noncompact LCA group G, ι b (G) has zero µ b -measure in bG (cf. [23] ).
The measurabilty assumption on the set ι b (G) in Lemma 32.2 is necessary:
Example 33. Consider the compact group T = R/Z and any fixed irrational α ∈ T. By Zorn's Lemma there is a maximal subgroup G of T with α / ∈ G. G with the discrete topology is an LCA group. If ι : G → T is the inclusion mapping and C = T then we get a compactification (ι, C) of G. Assume, by contradiction, that G is a measurable null set in T. Consider the measure preserving mappings ϕ k : T → T, x → kx, k ∈ Z. Then all sets ϕ −1 k (α + G) are measurable null sets. Pick any x ∈ T. If x / ∈ G then, by the maximality property of G, α = kx + g for some k ∈ Z \ {0}, g ∈ G. This implies ϕ k (x) ∈ α + G, i.e.
is the countable union of null sets, hence 1 = µ C (C) = 0, contradiction.
By F 0 (G) we denote the set of all bounded (not necessarily continuous) complex valued functions vanishing at infinity, i.e. f ∈ F 0 (G) iff for every ε > 0 there is a compact K ⊆ G with |f (x)| < ε for all x ∈ G \ K. C 0 (G) denotes the set of all continuous f ∈ F 0 (G).
Proof. In the first step we show F 0 (G) ⊆ H(G). If G is compact there is nothing to prove, so suppose that G is not compact. Let f ∈ F 0 (G) and define F on bG by As a further consequence of Theorem 4 we get the following supplement to Corollary 22.
Proof. Take for instance f = 1I {0} . Then f ∈ H 0 (G) (trivially for compact G, otherwise by Theorem 4). Since f is not continuous it cannot be in W(G).
(Recall that every weakly almost periodic f has a representation f = F • ι w with F : wG → C continuous on the weakly almost periodic compactification (ι w , wG) and thus is continuous.)
The following example shows that also for the discrete group G = Z the space C 0 (G) of functions vanishing at infinity is a proper subspace of H 0 (G).
Example 36. Let T = {t n : n ∈ N} be a lacunary set of positive integers, i.e. t 1 < t 2 < t 3 < . . . with lim sup n→∞ t n /t n+1 = ε < 1.
Proof. The proof of Theorem 9 in [21] tells us that for each n ∈ N there exists an n-dimensional compactification (ι n , C n ) and a compact continuity set
, where π n+1,n : C n+1 → C n is the canonical projection, i.e. ι n = π n+1,n • ι n+1 . Let (ι, C) be the supremum of the compactifications {(ι n , C n ) : n ∈ N}, and let π n : C → C n be the canonical projection onto C n . Thus K := 
In this case f is the Fourier-Stieltjes transform of µ.
Proof. (1) ⇒ (2): Let f n :=ν n . By weak-*-compactness of the unit ball in
we can find a weak-*-limit-point µ of the sequence of the ν n , n ∈ N. Due to compactness ofĜ, the mapping µ → Ĝ χ(x)dµ(χ) is a weak-*-continuous functional defined on M(Ĝ) for any x ∈ G. Thus for every x ∈ G and ε > 0 there exist infinitely many n k , k ∈ N, (depending of course on x) such that for k ≥ k 0
Using that f n (x) → f (x) pointwise we obtain
Thus lim n→∞ f n (x) =μ(x). Letμ be any weak-* limit point of the set {ν n : n ∈ N}. Since on a compact space weak-* convergence of measures implies pointwise convergence of their Fourier transforms,μ andμ coincide. Hence µ = weak-* − lim n→∞ ν n .
(2) ⇒ (1) is trivial since due to the compactness ofĜ for every x ∈ G the mapping µ →μ(x) = Ĝ χ(x)dµ(χ) is a weak-*-continuous functional on M(Ĝ).
The rest of this section is devoted to the investigation of the function
defined on the group G = Z of integers and the proof of Theorem 5 below. For its formulation we use the singular measure µ 3 concentrated on the ternary Cantor set in the natural way. To be more precise: Let λ be the Lebesgue measure on [0, 1). Consider the λ-almost everywhere uniquely defined mapping ϕ : [0, 1) → [0, 1) with
, and the canonical inclusion ι : 
As a Hartman function on
3. f is the Fourier transform of the singular measure µ 3 corresponding to the ternary Cantor set canonically embedded into T = R/Z =Ẑ.
Proof. Everything will follow from the results of Lemmas 39, 41 and 42.
We have to fix some notation and then prove the auxiliary statements.
We will construct a function on Z using discrete measures onẐ = T. Note that T is algebraically and topologically isomorphic to the interval [0, 1) with addition modulo 1.
Denote by δ χα the Dirac measure which is concentrated on the character χ α : k → exp (2πikα), for α ∈ [0, 1). The discrete measures ν n defined recursively by ν 0 := δ χ 1/2 and
are all probability measures, so their norm is bounded by 1. Using the fact that ν n * ν n−1 =ν nνn−1 and δ χα (k) = χ α (k) = exp (2πikα) one easily computes
Lemma 39.f =μ 3 ∈ W 0 (Z).
Proof. Since each functionf n is a product of finitely many periodic factors with rational periods it is also periodic. We show that the functionsf n converge pointwise: Observe that lim j→∞ cos 2π
Since all terms of this sequence are nonnegative whenever j ≥ log 3 2k =: j(k) we see that
is a monotonically decreasing sequence of nonnegative real numbers. Hence lim n→∞fn (k) exists. So we can use Lemma 38 to conclude thatf
is a Fourier-Stieltjes transform. Lemma 38 also implies thatf is the FourierStieltjes transform of µ 3 . This is due to the fact that the probability measures ν n converge to µ 3 in the weak-*-topology of M(T). Since µ 3 has no atoms Proposition 37.3 implies that evenμ 3 = f ∈ W 0 (Z). The same considerations apply verbatim to the discrete measures ν n * ν n , the functions f n (k) :=f Proof. We leave the elementary calculation to the reader.
Lemma 41. f / ∈ A ⊕ C 0 .
Proof.f satisfies the functional equationf (3k) =f (k) for every k ∈ Z. This impliesf (3 k ) =f (0) = 0. Thusf / ∈ C 0 (Z) and f =f 2 / ∈ C 0 (Z).
Suppose there exists a representation f = f a + f 0 ≥ 0 with f a ∈ A(Z) and f 0 ∈ C 0 (Z). Furthermore let f a = (f a ∨ 0)
:=f Proof. Consider the compact group of the 3-adic integers Z (3) realized as projective limit of the projective system of cyclic groups C n := Z/3 n Z and mappings π n (reducing k mod 3 n+1 to k mod 3 n ) Z Note that also each (C n , ι n ) is a group compactification of Z, where ι n is reduction modulo 3 n . Furthermore (C n , ι n ) ≤ (C n+1 , ι n+1 ) via π n and (C n , ι n ) ≤ (ι, Z (3) ) via κ n for each n ∈ N.
Since every 3 n -periodic function can be realized by a continuous function on C n , so can f n := n j=1 cos 2 2π k 3 j . Consequently there exists a unique continuous function F n on the 3-adic integers Z (3) such that f n = F n • ι.
Since the sequence of continuous functions {F n } ∞ n=1 is decreasing on ι(Z) (note that 0 ≤ cos 2 2π k 3 j ≤ 1), it is decreasing on Z (3) . In particular the limit F n dλ = m Z (f n ) = 2 −n for the normalized Haar measure λ on Z (3) . Thus Proposition 3 implies that F is Riemann integrable on Z (3) .
Suppose F had a g.j.d., then Theorem 2 would imply f / ∈ W. By Lemma 39 we even have f ∈ W 0 , contradiction. Thus f ∈ H c . By Proposition 12 we can find unique functions f a ∈ A and f 0 ∈ H 0 such that f = f a + f 0 . Since f ≥ 0 also f a ≥ 0. But then m Z (f a ) = m Z (f ) = 0 implies f a = 0. So f = f 0 ∈ H 0 .
Summary
The diagram below is intended to summarize some of our results concerning the space H = H(G) of Hartman functions. • For W \ H = ∅ and H \ W = ∅ cf. Corollary 22 and Example 23.
• For any noncompact LCA group W \ B = ∅, cf. Theorem 4.9 in [4] .
• For (B ∩ H 0 ) \ (A ⊕ C 0 ) = ∅ and G = Z, cf. Section 6. We conjecture that this holds for any noncompact LCA group as well.
• For H 0 \ C 0 = ∅ cf. Example 36.
Question 4:
For which topological groups G do exist functions f ∈ B \ H and functions f ∈ H \ B?
Question 5: How are B and W ∩ H related: Is there a reasonable condition on functions in B that implies Hartman measurability?
